Branching structure for the transient random walk on 
a strip in a random environment 



Wenming Hong and Meijuan Zhang 
School of Mathematical Sciences, Beijing Normal University, 
Beijing 100875, People's Republic of China 
"^q", wmhong@bnu . edu . cn and zhangmei juan@mail . bnu . edu . cn 

t— i ' 

o 

(N 

. Abstract An intrinsic branching structure within the transient random walk on 

a strip in a random environment is revealed. As applications, which enables us 



< 

in 
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1 Introduction 



>• . Let d > 1 be any integer and denote *2l = {1, 2, ■ • • ,d}, we consider random walks in a 
random environment on the strip S = Zx {1,2, • ■ ■ ,d}. This model was introduced by 
Bolthausen and Goldsheid ([|TJ, 2000), where the conditions for recurrent and transient 
has been obtained. After that, Goldsheid (0], 2008) considered the hitting time of the 
walk by the method of "enlarged random environments"; Bolthausen and Goldsheid (0, 
. 2008) obtained the (logt) 2 asymptotic behaviour and Roitershtein ( ||10|| , 2008) proved 
a strong law of large numbers and an annealed central limit theorem for the walk in a 
suitable environment situation; etc.. 

X i The aim of this paper is to reveal the intrinsic branching structure within the transient 

random walk on a strip in a random environment, which enables us to express the hitting 
time explicitly. Roitershtein (Theorem 2.3, [fLOl , 2008) figured out the stationary distribu- 



tion for the Markov chain of "environments viewed from the particle" which is equivalent 
to the original distribution. To specify the density of the absolutely continuous invariant 
measure is another application of our branching structure. And as a by product, the rate 
of the LLN can be obtained. 

For the nearest random walk in random environment (RWRE, for short) on the line, 
as we known, the branching structure is a powerful tool in the proof of the famous result 
about "stable law" by Kesten et al (0, 1975), and is also used by Ganterta and Shi in 
(0). The branching structure for the one dimensional RWRE with bounded jumps has 
been considered by Key (0, 1987), Hong & Wang ([|, 2009) and Hong & Zhang (0, 
2010). 



1 The project is partially supported by the National Natural Science Foundation (Grant No. 11131003) 
of China. 
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1.1 Description of the model. 



We adapt the description of the model as that of Let (P n , Q n , R n ), — oo < n < 

00, be a strictly stationary ergodic sequence of triples of m x m matrices with non- 
negative elements such that for all n the sum P n + Q n + R n is a stochastic matrix, 

1. e., (P n + Q n + P„)l = 1, where 1 is a column vector whose components are all equal 
to 1. We write the components of P n as P n (i,j),l < i,j < m, and similarly for Q n 
and R n . Let (fl, P, 8) be the corresponding dynamical system with Q denoting the 
space of all sequences u := (u n ) = ((P n , Qn, Rn)) of triples described above, 3- being 
the corresponding natural cr-algebra, P denoting the probability measure on (Q, JP), and 
the shift operator on Q defined by 9: (0u) n = n G Z. The random walk on the 
strip S = Z x ® := Z X {1, 2 • • • , d} is denoted by X = {X n , n G Z}, 

x n = (£ n ,Y n ), aez, y n G 0. 

£ n is the Z-coordinate of the walk and Y n takes values in @ :— {1, 2 • • • , d}. 
For describing the initial distribution, we introduce Aid, 

•Md = ^(fiuj)uj£n '■ Hw is a probability measure vector on ^ = {1, 2, • • • , g?} j. 

Given a environment w G O and an // = G A^d, one can define the random 

walk X n on the strip 5 = Z x ^ to be a time-homogeneous Markov chain taking values 
in Z x {1, 2, • • ■ , d}, which is determined by its transition probabilities Q^z, zi): 



P n (i,j) if z = {n,i),zi = (n+ 1, j), 

R n (i,j) if z = (n,i),zi = (n,j), 

Qn(i,j) X z = (n,i),zi = (n-l,j), 

otherwise, 



and initial distribution 

P£(£o = 0, Y = zo) = ^(z ) for any z G 0. (1.1) 

This defines for any starting point xo = (0,yo) G S and for any oj G (fi,#",P), the 
quenched law P^ for the Markov chain by 

P%(X = X ,X 1 =Xi,-'- ,X n = X n ) := Hu(yo)Qu(x,Xl)£L(xi,X2) ■ • -£lu(Xn-l,X n ). 

(1.2) 

Then we define a annealed law = P (g) P£ on (Q x (Z x ^) N , & x gf) by 

P^(F x G) = y P£(G)P(du;) FG#, G G , (1.3) 

and the expectation with respect to P M defined by E M . Statements involving P^ and P M are 
called quenched and annealed, respectively. 
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Notations and assumption. Throughout the paper we use the notation = (0, 0, • • • , 0) G 
R d , 1 = (1, 1, • • • , 1) G R d , and denote e ; = (0, • • • , 1, • • • , 0), (i = 1, 2, • • • , d) as the 
canonical basis of K d . For the vector x = (xj) and matrix A = (a(i,j)), define 

||x|| := max \xA and ||A||:=maxN \a(i,j)\. 

j i 

j 

We say that A is strictly positive (denoted by A > 0) if all its components satisfy a(i,j) > 

0, and A is non-negative (which is denoted by A > 0) if all a(i, j) are negative. If a dx d real 
matrix A is non-negative, \\A\\ := Finally, we use the notation 1^ for the indicator 
function of the set A. For the random walk X n = ($ n ,Y n ), we often use the expressions 
like lim^oo X n = +oo which simply means £ n tends to +oo as n — > oo. 

The hitting time T n is defined as the the first time when the walk reaches layer n , 
L n := {(n,j),l < j < m} starting from a point z G L := { (0, j) , 1 < j < m}. Let 
T Q = 0, and for n > 1, 

T n := inf{t : X(t) G L n } and r n := T n - T n _i, (1.4) 

with the usual convention that the infimum over an empty set is oo and oo — oo = oo. 

The following Condition C is from Bolthausen and Goldshied [|[. 
Condition C. 

CI The dynamical system (f2, J^",P, T) is ergodic. 
C2 

Elog(l - WRn + PnWy 1 < oo and Elog(l - \\R n + Qnll)" 1 < oo. (1.5) 
C3 For all j G {1, 2, • • • , m} and all n, 

m m 

^2Qn(i,j) >0, ^P n (z,i)>0 P-almost surely. (1.6) 

i=l i=l 

C4 With positive P-probability, the layer is in one communication class. 

Known results. Let us first review some known results about the random walk in a random 
environment on the strip. 

1. recurrence and transience. If Condition C is satisfied, Theorem 1 in |1| proved („, ne 
Z of m x m matrices is the unique sequence of stochastic matrices which satisfies the 
following system of equations: 

(n=(I- QnCn-1 " ^n)" 1 ^, P ' O.fl. 71 G Z, (1.7) 

and the enlarged sequence (P n , Q n , R n , ( n ), — oo < n < oo, is stationary and ergodic. 
Let 

Ai \= (I - QnCn-l ~ R-nj^Qn and U n \= (I - Q n C, n -l ~ Rn) ^ 1 (1-8) 
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and 

A + := lim - log || A n A n _ x ■••A||, (1.9) 

n— ►oo Tl 

Theorem 2 in [[J] gave the criterion of recurrent and transient behavior for X n = (£„, Y n ). 
One of the cases is 

lim f (t) = oo, P - a.e. if and only if A + < 0. (1.10) 

t— >oo 

2. exit probability. Let r/ n (i, j) be the probability of a random walk starting in (n, i) reaches 
the layer n + 1 at point (n, j) finally, we usually called it the exiting probability. If the 
random walk is transient to the right, we have rj n = ( n , P — a.e. (see [|J, (1.15) ). And if 
Condition C is satisfied, ( n > for P — a.s. to. 

We only concentrate on random walks which are transient to the right in our paper. 

3. stationary sequence of probability vectors y n . 

If Condition C is satisfied then following limit exists for P — a.s. u (Lemma 1, [|J): 

y n := lim U^CaMCa+lM • ■ ■ CnM- (1.11) 

a— oo 

where u a is any sequence of row-vectors with non-negative components u a (i), and £)i=i u a (i) 
1. Note that the sequence {y n } is the unique solution of y n = y„,_iCn. in the class 
of probability vectors and it has the property y n > 0, which is a probability measure 
on & = {1, 2, • ■ ■ , d} whose support is the whole It is clear that vectors y n := y(a><„) 
form a stationary sequence. 



1.2 Statement of main results. 

We assume the walk X n = (£ n ,Y n ) starts from layer 0, the initial distribution -P^(£o = 
0, Y = i) = fi u (i), P — a.s.u, for any iGf with G Aid- In what follows, suppose Con- 
dition C is satisfied and A + < 0, i.e., we concentrate on random walks X n = (£„, Y n ) tran- 
sient to the right X n — > +oo, P — a.s.. In this case, suppose T = and we 
have Tfc < oo, P — a.s. for any positive integer k > 1. The aim of this paper is to 
calculate the hitting time T\ = inf{i : £(«) = 1} accurately in terms of the intrinsic 
branching structure within the walk. For n < 1, define 

U„ = (U^, U%, ■ ■ ■ , U%), where (1 < i < d) is the number of steps from layer n to 
layer n — 1 at the site (n — l,i) before time Ti. 

Z n = (Z^,Z^,--- , Z%), where Z l n (1 < % < d) is the number of steps from layer n to 
the same layer at the site (n, i) before time T\. 

And 

d d 

|U n |=J][/; = U n l and \Z n \ = ^2z t n = Z n l. (1.12) 

i=l i=l 

All steps before T\ can be recorded by U n and Z n . Since X n — > +oo, P — a.s., if the 
random walk takes a step to the left from any layer n (n < 0), it must come back finally 
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from layer n — 1 to layer n , so 

Ti = l + 53(2|U„| + |Z n |) J 



n<0 



and the following theorem tells us that {|U n |, |Z„|, n < 1} is an inhomogeneous branching 
process with immigration. The exit probability r] n plays an important role, when X n — > 
+00, rj n — Qui P — (see j|, (1.15) ), which is given by (|1.7|) . 



Theorem 1.1 Assume Condition C is satisfied and X n — >■ +00, P — a.s., £ae initial 
distribution P£{£,o = 0, = = /U w («), P — a.s.. Taen 

(%) /or P — a.s. a;, {|U n |, n < 1} and {|Z n |, n G Z} are inhomogeneous branching 
processes with immigration. The offspring distribution is given by for n < 



Pf IU, 



^ |Z„| 



K 



U n+1 = e 4 J = e 4 [(J - P^'^nCn-l]"^/ - Pn) _1 Pnl, 
U n+1 = e t ) = e 4 [(J - QnCn^Rnfil ~ Q n Cn- 1 )" 1 Pnl, 



wzia immigration 



^(Ui = e, 



;i.i3) 
;i.i4) 

;i.i5) 



where ( n = r] n (see j^, (1-15) ) is exit probability, which is given by 
(2) The first hitting time T\ is given by 

T 1 = l + ^(2|U n | + |Z n |). 



n<0 



;i.i6) 
□ 



Remark (1) In Theorem |1.1| , we restrict ourselves only to the trajectory of the walk 
X t for t G [0,Ti], and all the steps have been counted in {|U n |,|Z n |, n < 1} which 
formulate a branching structure as ( |1.13| ) and ( |1.14j ) with immigration ( |1.15| ). After that, 
the trajectory of the walk X t follows the same structure. For example, the trajectory of 
the walk X t for t G [Ti,T2], all the steps have been counted in {|U n |, |Z n |, n < 2} which 

formulate a branching structure as (|1.13|) and ( 1.14 ) with immigration P£ (\J2 — e i j — 

Y Tl (i), and so on. 

(2) Note that it is "unsymmetrical" in the branching structure (|1.13 ) and (|1.14|) between 
the "father " and "children" . It can be explained as that we focus on the number of the 
"children" but the individual of the "father " (determine the probability). □ 

As an immediate application of the branching structure, we can calculate the mean of 
the hitting time explicitly. 

Theorem 1.2 Assume Condition C is satisfied and X n — > +00, P — a.s., and the initial 
distribution P^(£o = 0, Y = i) = fjL u (i), P — a.s.. Then 

ETi = E(Jlt(u + A u^ + ■■■ + AqA-i ■ ■ ■ A_ fc n_ fe _i + ■■■)), 

where A n ,u n is given in t \1.8j ). □ 
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Another application of the branching structure is to specify the density of the absolutely 
continuous invariant measure for the "environments viewed from the particle". Let us 
review the process discussed in Section 4 of pTOfl . Let UJ^ = 9^ n w, for n > 0, and consider 



the process Z n := (ul^, Y n ), defined in (Q x @, J? £g> JF), where Jrf? as the set of all subsets 
of @, and the initial distribution P£((,o = 0, Y = i) = /x w (i) = y~i(i) given by ( |1 . 1 1|) . 
(Z n ) n >Q is a Markov chain under P M with transition kernel 

K(u,i;B,j) = P o (iJ)lB(0w) + MiJ)lB(w) + Qo(i,j)I B (9- 1 w). (1.17) 

Usually, Z n = (p^, Y n ) be called as auxiliary Markov chain. 

Let ^ = jg|r, whenever E7\ < oo. For B G J^", i G @, define a probability mea- 
sure Q on (fl x 1 ^, & <g> ): 

Q(B,i) := UpE ( ^ I B (u^)I Yn (i) J . (1.18) 

\n=0 / 

Q(-) is a invariant measure under the Markov kernel K (Proposition 4.1, [|T0] ). 
Define a probability measure Q(-) on (1), J^) by setting 

Q{B):=Q{B,S>), B6#. (1.19) 

and let Qi(B) := Q(B,i) for I? G J^. Then both Qi(-) and Q(-) are absolutely 
continuous with regard to P (Proposition 4.1, [|l(|), but where only the up bound of 
the density have been proved. The branching structure enable us to specify the density 
completely in the following theorem. 

Theorem 1.3 Assume Condition C is satisfied and X n — > +oo, P — a.s., the initial 
distribution P^(Co = 0, Y = i) = fj, u (i) = y-i(i) , for P — a.s. uj, and assume in 
addition that v p > 0. Then Qi(-) is absolutely continuous with regard to P, and so is 
Q(-). The density is given by 

dQi 



where 
and 

where 



A» (1.20) 
A<? = (u + Co^iMo + CoCi^AiMo + • • • )](»)■ (1.21) 



K> = v p [^ {u + (oA lUo + CoCi^i^o + •■■)]!, (1-23) 
whereu n := (I - QnCn-i- Rn)~ l ■ D 



Remark (1) The first part of the Theorem L3 is obtained in Proposition 4.1 of [10|. We 
will focus on the "density" part only. 
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(2) As a by product, we can prove the LLN from two different method as the situation 
for the nearest RWRE on the line (||13||). On the one hand, If = y_i, then {n : i G N} 
in ( |1.4|) is a stationary and ergodic sequence variables (Lemma 3.2, [|10| ), so the LLN can 
be obtained from the hitting time decomposition; on the other hand, with the "density" 
in hand, it is easy to obtain the LLN again from the point of view "environments viewed 
from the particle" . We omit the details of the proof. 

Corollary 1.4 Assume Condition C is satisfied and X n — > +oo, P — a.s., the initial 
distribution P£(£o = 0, Y = i) = = y-i(i) , for P — a.s. u, and assume in 

addition that v p > 0. Then P — a.s., 

lim = — r . (1.24) 

n "°° n E(y^(u + A u„ l + --- + A A„ l ---A„ k u„ k - 1 + ■■■)) 

□ 



2 Proofs 

2.1 Intrinsic branching structure — Proof of Theorenr ^n\ . 

Assume Condition C is satisfied and X n — > +oo, P — a.s., the initial distribution -P^(£o = 
0, Y = i) = n u (i), P — a.s.. Note that T k < oo, P — a.s. for any positive integer k > 1. 
We will analyze the trajectory of the walk, and restrict to the first excursion between lay 
to lay 1, i.e., the path of X k for k G [0,7]]. Define for n < 0, 

a nfi = min{k < 7\ : X k G L n }, 

(3 nfi = min{a ni0 < k < T x : X k _ x G L n , X k G L n _x}. 

And for b > 1, 

a nfi = min{/3 nife _i < k < T x : X k G L n }, 

(3 ntb = min{a nif) < k < T x : X k ^ G L n , X k G L„_i}. 

(with the usual convention that the minimum over an empty set is +oo). 
We refer to the time interval [/3 n ,&-i ; «n,f>] as the b-th excursion from n— 1 layer to n layer. 
For any & > 0, any n < 0, and i G {1, 2, • • ■ , <i}, define 

K, b ■■= ${k > : X fc _i G L„, X k = (n - 1, i), P n+hb < k < a n+ i i6+1 }, (2.1) 
Z l n>b := ${k > : X k ^ G L n , X k = (n,i), p n+ljb < k < a n+1M1 }. (2.2) 

Note that U l nb is the number of steps from layer n to (n — during the b + 1-th 
excursion from layer n to layer n + 1 , whereas Z l n b is the number of steps from layer 
n to (n, i) during the same excursion. 
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Define for n < and i G {1,2,- •• ,d}, U l n := ^2 b>0 U^ b , then U l n is the number 
of steps from layer n to (n — before time T\. Similarly define Z l n := J2b>o^nb- 
V n = {U l nl Ul--- ,U*), and|U n | = Eti^ = Unl; Z n = {Z\, Z*, ■ ■ ■ , Z*), and]z n | = 
J2i=i Z l n = Z n l which have been defined in ( |1.12|) . 

By Markov property, we obtain 



m, \Z n \ = K 



U n+ i = e ; 



T . R^QnCn-lRn 1 ' ' ' QnCn-lRn™ PrX- (2-3) 
'fco+feiH Yk m =K 

where Cn — Vn is the exiting probability matrix (see (|1.7|) ). 

In ( |2.3| ), the path of an excursion is considered: the particle start from layer n (given 
by U n+ i = ei), moves at layer n by \Z n \ = K steps (each step with probability R n ) and 
|U n | = m steps from layer n to layer n — 1 ( but in the trajectory point, each "down" 
step with probability Q n must connect with a path "from layer n — 1 finally goes back 
to layer n " with probability Cn-i), the last step of the excursion is from layer n to layer 
n + 1 with probability P n . 

The idea of ( |2.3|) is that we only care the number of the "children" , which lead to the 
"unsymmetrical" . Note that only the "U " type particles produce "children". With a 
similar consideration, the branching mechanism can also be expressed as 



P£ |UJ =m,|Z n | =K 



U n+ i = e ; 



mo +mi H Vvtlk =m 



O C m ° P O C mi ■■■HO C mK P 1 



(2.4) 



In what follows, we will derive the marginal distribution of |U n | and |Z n | respectively. 
Let's discuss the marginal distribution of |U n | first, summarize over K in Q2.3|), 



P^(|U n | = m|u n+1 = ei ) 

+oo 



m, |ZJ = K 



U n+ i = e^j 



+oo 



L Z ' Z 'fc() + fclH hfcm=-f^ 

KT=0 



It's not hard to see 



EE 



K=0 



fco+fciH \-k m =K 



R^QnCn-lRn 1 ' ' ' QnCn-lR^-, 



(2.5) 



— (I — Rn) QnCn-l{I ~ Rn) 1 " " " QnCn-l(I ~ Rn) 1 

= [(I-Rr^QnCn-ini-Rn)- 1 - (2.6) 

Taking together ( p.5|) and fl2.6|) , derives the marginal distribution of |U n |, 

|U n | = m U n+1 = ^ = e ; [(/ - i? n )^ 1 Q n Cn-i] m (/ - i2n) _1 P„l. (2.7) 



For the marginal distribution of |Z n |, summarize over m in Q2.4| ), we have 



P£{\Zr 

+00 



K 



U n+ i = e ; 



m=0 



mo+miH hmjf =wi 



Q/mo p /Q /mi p r\ /-m K p 

nSn— 1 "-VriSn— 1 ' ' ' ^n^nSn-l « 



— e i(-^ — QnCn-l) 1 Rn{I — QnCn-l) 1 ' ' ' ^n(-^ — QnCn-l) 1 P'nX 

= e^I-QnCn-xY^fil-QnCn-lY^nl- (2.1 

Complete the proof of part (1) of Theorem and part (2) is immediate. 



□ 



Remark. From the marginal distribution, we also can test of the validity of the 
branching structure. In fact, 

+00 +00 

Y,P%(pn\ =m|u n+1 = ei ) = ^^[{I-R n )Q n C n -i\ m \{I-R n )- x P n l 



m=0 



m=0 



ei [J - (/ - J R„)g„Cn-l]~ 1 ](/ - Rn^Pnl 
e^I - R n ) - QnCn-ir^Pnl 

eiC„l = 1. 



2.2 ET\ — Proof of Theorem [7TI 



The random walk X n = (^ n ,Y n ) starts from layer with the initial distribution 
With the branching structure in hand, we can calculate the mean of the first hitting time 
T\. We discuss it by four steps as follows. 

Step 1. £#(|U n ||u B+1 = ei ) and (|Z n | |lJ n+a = e,). 

From (|1.13| ) of Theorem 1.1 , 



K |u„| 



U n+ i = e ; 



+00 

E mP "(i u «i 



m 



m=0 



U n+ i = e; 



e , m[(l - RnT l QnCn~l] m \I ~ iQ^Pnl. (2.9) 



m.=l 



To process the calculation, we need the following 

lemma 2.1 For matrix B , I — B is non-degenerate, then Yltv^i m B m = B(I — B)~ 2 . 
Proof. 

+00 

mB rn = (B + 2B 2 + 3B 3 + •••) = B(I + 2B + 3B 2 + ■■■ ), 



m=l 
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and 

(j -£)-* = ((i -a)- 1 ) 8 



+00 



[J2 B n f = (J2 B n )(J2 B ^ = (I + 2B + 3B 2 + 4,5 s 



m=l 



m=l m=l 



Thus Em=i mBm = B ( J ~ B Y 



□ 



Let B = (I — R n ) 1 Q n (n-i, ( P-9Q can be continued as 
U n+ i = e; 



K |u„ 



e,(/ - J R„)" 1 Q„Cn-l[/ - (I - i^r'QnCn-irV - 
ei(I " QnCn-l ~ Rn^QnCn-lCnl (2.10) 

ei A n l. (2.11) 



The second equality (|2.10|) need a series calculations about the matrix which we leave it 
as Appendix, where A n is given in (|1.8|). Similarly, 



U n+ i = e ; 



As a result, we have 



Step 2. Steps visited on layer n. 
For any n < 0, define 






+00 

= Yl e i^[( J - QnCn-l^Rnfil ~ QnCn-l) 






K=0 






QnCn~l Rn) RnCn^- 






= e;(J — Q„.(n~l ~ Rn) 1 R n ^-- 


(2.12) 


|u n 


U n+ ij = U n+ iA n l, 


(2.13) 




U n+ ij = U n+ i(J — Qn(n-1 — Rn) 1 R n ^-- 


(2.14) 



N\ = ^{ke[0,T 1 ): X h = (n,i)}. 



(2.15) 



Note that is the number of steps visited (n, i) before time 7\. Let N n = (iV*, A^, ■ ■ • , A^) and |N^ 
V d Af* = N 1 

Z^i=l Jv n i,l n- L - 

Define a vector valued random variable XJ' n where U'^, 1 < % < d is the number of 
steps from layer n — 1 to (n, 2). Then 



IN, 



|U' n | + |Z re | + |U n+1 |, P-a.s.. 



(2.16) 



For another perspective, T\ = J2 n <o(\^ n \)' ^ ~~ a - s " Since X n — >■ +00, P — a.s., if the 
random walk takes a step to the left from any layer n (n < 0) to layer n — 1 , it must 
come back finally from layer n — 1 to layer n , therefore |U n | = |U' n |, P — a.s.. 
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Together with ( |2.16| ), we have 

^(|N n |) = ^(|U n | + |Z n | + |U n+1 |) 



E^ 



££(|U„| U n+1 ) + ££(|Z n | U n+1 ) + ££(|U n+1 | U n+1 ) 



By using ( |2.13| ), one can calculate the quenched expectation of |N n | as 

££(|N n |) = EZ[U n+1 A n l + U n+1 (I - g„Cn-i - RnT l Rn± + U n+1 l] 

= E£\{J n+ x{I — QnCn-l — Rn)~ (QnCn-1 + Rn + I ~ QnCn-1 ~ R n )l] 

= E^^I-QnU^-RnY 1 !. (2.17) 

Step 3. The next object is to discuss E£(XJ n+ i). 

Define a probability matrix B m , where B m (i,j) is the probability of a particle starting 
from (n+l,i), takes more than m steps to the layer n, and the m-th step located at (n, j). 
Bm(i,j) can be expressed by our branching structure 



+00 

Bm(hj) = e; VV R^ +l Q n+ iC, n R^ + iQn+lCnR^ + l- ■ ■ Qn+lCnR k v IXlQ 

L z — ' z — 'fco+fclH hfcm-l=-K 



K=0 



Let 



ei[(7 — i? n+ i)Q n+ iCn] m x (-f — -Rn+i) Qn+iej. 



P%:= B m (i,j)-B m+1 (i,j), 



n+l 



(2.1 



be the probability of a particle starts from (n + the m-th step takes to the left and 
located at (n,j) . We have 



+00 



+00 



E%(Ui +1 U n+2 = e,) = '£mP% = e l y £ i m(B m -B mH )e 1 

m=l m=l 

+00 

= ei^S ro ej. (2.19) 



m=l 



Combine with (|2~T8| ), 

+00 

££(U n+1 |U n+2 ) = U n+2 ^£„ 



m=l 

+00 



U„+2 ^~][(-^ — -Rn+l)Qn+lCn] m ^ — -Rn+l) 1 Qn+l 



m=l 



Then 



— U n+2 (J — Qn+lCn ~ Rn+l) 1 Qn+l 

— U n+ 2v4 n+1 . 

^(U n+1 ) = E^{U n+1 \V n+2 )} = EZ(U n+2 )A n+ll 



(2.20) 
(2.21) 
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where A n is given in ( |1.8[ ). By recursive argument, we obtain 
££(U n+1 ) = E%(U n+3 )A n+2 A n+1 

= EZ(U 1 )A A-iA_ 2 ---A n+2 A n+1 . (2.22) 
Step ^.Calculate E(Ti). It follows from (|2~T7r) and ( gT22j) that, 



E(7\) = ^(Tx)) = E ( ^£ w (|N n |) 

\n<0 , 
\n<0 J 

= E I E UJ (U 1 )A A^ 1 A^ 2 ■ ■ ■ A n+2 A n+1 (I - Q n ( n ^ - R^ 1 ! j 

\n<0 / 

= E(^(Ui)(n + A u^ + • • • + A A_! • • ■ A_ fc «_ fc _a + ■■■)) 

= E(JI^(u + A u^ + --- + A A_ 1 ---A_ k u_ k _ 1 + ■■■)). (2.23) 

where v4 n , u n is given in (|1.8|) . □ 



2.3 Density of the absolutely continuous invariant measure— 

Proof of Theorem 

Let us review the process discussed in Section 4 of JIQfl . From the point of view "en- 
vironments viewed from the particle", let ZJ^ = 6^ n w, for n > 0, and consider the 
process Z n := (JU^, Y n ), defined in (Q x @, & £g> ^), where J^ 5 as the set of all subsets 
of 3) , and the initial distribution P£(£o = 0, — i) — = Y-iOQ given by ( |1 . 1 1| ) . 

(Z n ) n > is a Markov chain under P M with transition kernel 

K(u,i; B,j) = P (iJ)I B (6w) + Ro(i,j)I B (w) + Qo(U)/b(0~V>- (2.24) 

Let v p = jg^r, whenever ETi < oo. For I? G J^, z G define a probability mea- 
sure Q on (Q x@, & ® ^): 

Q(S,t) := ^ P E ( ^ / B (^)/r„«) = L(j)^ ( E hi^IrAi 

\n=0 / jeS> V \n=0 

Q(-) is a invariant measure under the Markov kernel K (Proposition 4.1, [|i~0] ). 
Define a probability measure Q(-) on (fi, ^) by setting 

Q(B):=Q(B,&), BG#. (2.25) 
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and let Qi(B) := Q(B,i) for B G Then both Qi(-) and Q(-) are absolutely 
continuous with regard to P (Proposition 4.1, [0), but where only the up bound of the 
density have been proved. 

For m < 0, ief, define N l m as in fl2.15|) : 

[0,T0 : ^ = m, F n = i} . 
Note that for any bounded measurable function / : Q — > R and V 2 G 



m<0 



Vfc6® m<0 

E v ( /M E E A^W^-hX ) . (2.26) 



m<0 



Therefore, Q« is absolutely continuous with respect to P, and also Q is absolutely 
continuous with respect to P. And the density is 

Ag> := ^ = «p E E ( k ) E e-^(NL) (2.27) 

fcGS? m<0 

K '- = ip = ^EE^-^^)^^- 1 )- ( 2 - 28 ) 

fce® m<0 

We intend to spesity the density and by branching structure. Note that = 
y-i(i) given by ( |1.11| ), and £_„ = r/_ n is the exit probability, 

(j,0 U = lim ei(^ n (6uj) ■ ■ ■ (,- 2 (Qu)C,- 1 (Qu) 

n— >co 

= lim e;C- n +iM • • • C-i(w)Co(w) 

n— >oo 

= ^CoH- 

Thus 

J2^(k)El(NU) = J2^(k)E k M = J2^Co(k)Et(N l ). 

ke& k&3) k^S> 

Similarly, for m < and % G 

= E^^oCi • • ■C_ m _ 1 (fc)^(JV3). (2.29) 
The following lemma is closely related to branching structure. 
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lemma 2.2 For n < 0, 

E u (N n ) = fiuAoA-i ■ ■ ■ A n+1 u n . (2.30) 
Proof. Due to the definition of N n , U^, Z n and U n+ i, 

n,„ = u; + z n + u n+ i. 



Recall the branching structure and by similarly argument as in the proof of Theorem |1.2j , 
we obtain that 

+oo 

-^oj(U^) = U n+ i ^ ((/ — i?„,) _1 (5nCn-l) (I — -Rn) _1 QnCn-l 

m=l 

= U n+ i ((/ — QnCn-l — Rn) 1 QnCn-1 = U n +lAiCn-l , 



+00 

.K 



and 

Euj(Z n ) = Un+l ^ ((J — QnCn^l)^ 1 ^) (-f ~ <3nCn-l) _1 -Rn 
AT=0 

= U n+ i (/ — Q n Cn-l — Rn) 1 Rn- 

Thus 

£ w (N n I U n+1 ) = E^Nn I U n+1 ) 

= EuilJ'n I U n+ i) + E u (Z n I U n+ i) + £^(U n+ i I U„ + i) 

= ^(Un+i [(I — Qn(n-1 — Rn)~ Qn(n~l + {I ~ Qn(n-1 ~ Rn)' 1 Rn + I\ ) 
= E u (U n+ i)(I — QnCn-l — Rn)' 1 - 

Together with the fact 
we have 

E u (N n ) = fluAoA-! ■ ■ ■ A n+1 (I - Q n Cn-l - Rn)' 1 

= fi>cjA A-i ■ ■ • A n+ iu n . 
Then Lemma |2.2j follows. □ 
It follows from equation (|2.29|) and lemma ^7|] that 

J2^MEl- mu (Ni) = J2^oCi--<- m -i(k)E k u (N^) 

A 2 A 1 u (i). (2.31) 



Thus 

A« = 

dP 



k£®m<0 

V 



P 

— m— lA— m A_ m _ 1 A 2 A lUo }(i) 



m<0 



VpifXu {u + (oA^o + CoG^^o H )](«)• 
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and similarly 

dQ 



ke@m<0 



V P 



A 2 A lUo }l 



m<0 



v p [Hu> (u + (oA^o + CoCi^2-4i^o H 

□ 



Appendix 

The following calculation is needed in (|2.10|) , it is a details calculations on the matrix. 

££(|U B | | U n+1 = ei ) 

+00 

= ^m^(|U n |=m|U n+1 = ei ) 



m=0 
+00 



m=0 

+00 



e . m[(I - R n )- l Q n Cn-ir{I - Rn^Pnl 



m=l 



= e ; (/ - R n r l Q n C n ^[I '{I- Rn^QnCn^r 2 ^ - RnY l Pnl 

= ei (J - R n y l QnQn-l[I '{I- RnY^nCn-lW ~ (I ~ Rn^QnCn-l}' 1 ^ ~ Ru)^ P n ± 

= ei {[(7 - R^QnCr^}- 1 }' 1 ^ - (I - R n )~ l Q^^^I - (I - R n ) ^Q^n-l] U ~ Rn)~ l P n ± 

= e ; {[J - (I - i? n )" 1 <3nCn-l][(/ " RnY^nCn-lW^I " " Rn)' 1 Q nCn-l}' 1 (I ~ RnY' P n l 

= «*{[(/ - RnY'QnC^l]- 1 ~ IY'II -(I- J R„)~ 1 QnCn-l]" 1 (/ " Rj^Pnl 

= ei {[J - (J - Rn^QnCn-Ml ~ Rn^QnCn-l]' 1 ~ - ^n)" 1 ^ 

= e ; {(/ - i? n )[J - (J - fl^-^nCn-ilfKJ - ^-^nCn-l]" 1 - I}}"' P n l 

= ei{[(/ - R n ) - Q„Cn-l][[(/ " RnY'QnCn-l]- 1 ~ 1]}^ P„l 

= ei {[(7 - i4) - QnCn-^lgnCn-l)"^/ ~ Rn) ~ I]}' 1 P n l 

= ei {[(7 - i? n ) - Q„Cn-l][(QnC»-l) _1 ](/ ~ Rn ~ Q Un-l)}' 1 F„l 

= e i[(-f — QnCn-1 — -Rn)(QnCn-l) — QnCn-1 ~ -Rn)] 

= e i(^ — QnCn-1 ~ Rn) QnCn-1 (I ~ QnCn-1 ~ Rn) 1 Pnl 
®i(7 QnCn— 1 -^n) QnCn— lCnl 
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